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On excess filtration on the Steenrod algebra 

Atsushi Yamaguchi 

In this note, we study some properties of the filtration of the Steenrod algebra 
defined from the excess of admissible monomials. We give several conditions on a 
cocommutative graded Hopf algebra A * which enable us to develop the theory of 
unstable A* -modules. 
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Introduction 

The theory of unstable modules over the Steenrod algebra has been developed by 
many researchers and has various geometric applications. (See Schwartz [6] and its 
references.) It was so successful that it might be interesting to consider the structure 
of the Steenrod algebra which enable us to define the notion of unstable modules. Let 
us call the filtration on the Steenrod algebra defined from the excess of admissible 
monomials the excess filtration. (See 1.7 below.) We note that this filtration plays an 
essential role in developing the theory of unstable modules. 

The aim of this note is to give several conditions on filtered graded Hopf algebra 
A* which allows us to deal the theory of unstable A* -modules axiomatically. In the 
first and second sections, we study properties of the excess filtration on the Steenrod 
algebra Ap. In Section 3, we propose nine conditions on a decreasing filtration on 
a cocommutative graded Hopf algebra A* over a field which may suffice to develop 
the theory of unstable modules. We also verify several facts (eg Proposition 3.12, 
Lemma 3.13, Proposition 3.14) which are known to hold for the case of the Steenrod 
algebra. To give an example of a filtered Hopf algebra other than the Steenrod algebra, 
we consider the group scheme defined from the unipotent matrix groups in Section 4. 
We embed the group scheme represented by the dual Steenrod algebra as a closed 
subscheme of infinite dimensional unipotent group scheme represented by a certain 
Hopf algebra A(p)* which has a filtration satisfying the dual of first six conditions given 
in Section 3. We observe that this filtration induces the filtration on the mod p dual 
Steenrod algebra Ap^ which is the dual of the excess filtration. In Appendix A we 
show that the affine group scheme represented by Ap* is naturally equivalent to a 
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Fp -group functor which assigns to an Fp -algebra R* a certain subgroup of the strict 
isomorphisms of the additive formal group law over R*[e]/{e^) in Section 4. 

1 Basic properties of excess filtration 

We denote by Ap the mod p Steenrod algebra and by Ap^: its dual. Let Seq be the set 
of all infinite sequences (/i, /2, ) of non-negative integers such that /„ = 

for all but finite number of n. Let Seq" be a subset of Seq consisting of sequences 
(i\,i2, ■ ■ ■ ,in,- ■ ■) such that 4 = 0, 1 if is odd. If /„ = for n > A^, we denote 
O'l , '2, • ■ ■ , 4, ■ • • ) by (i'l ,12, ■ ■ ■ , In)- 

Definition 1.1 (Steenrod-Epstein [7]) For I = (eq, 4 , ei , . . . , G Seq'^ and an 

odd prime p , we put 

n n n n 

dp{I) = 2(p-\)J2 '.V + ^ = J2^'^^ X]*^'^ ~ ^'^+1 ~ 

s=l s=0 s=Q .v=l 

For J = (jij2, . . ■ ,jn) G Seq, we put 

n n 

d2(J) = "^js, e2iJ) = ^(js - 2/,+i). 

Then 

p' = f3"'p''(3''p''p'' ■ ■ ■ p'"f3'" £ Af^'^ 
and = S^' S^'^ . . . Sq'" G A^'^^^ . 

We call dp{I) the degree of / and ep{l) the excess of /. 

Proposition 1.2 Suppose I = {eo, /i , ei e„, ... ) G Seq" and 

J = (jij2,---Jn,---) G Seq. 

(1) ep{I) = 2pi\ + 2eo — dp{I) if p is an odd prime, 
e2{J) = 2ji-d2{J). 

(2) ep(I) < 2ii + £0 the equality holds if and only if I = (eq, ii) for an odd 
prime p . 

e2{J) < 71 and the equality holds if and only if J = (ji). 

(3) dp{I) > (p — l)ep(/) — Eoip — 2) and the equality holds if and only if I = (eo, 'i) 
for an odd prime p . 

d2{J) > e2{J) and the equality holds if and only if J = (ji). 
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Proof (1) These are direct consequences of the definitions of dp{I) and ep{I). 

(2) For an odd prime p, ep{I) = 2ii +£Q-2{p - I) Yl"=2 ~ Yl"=i S 2/i + eo- 
Up = 2,e2iJ)=ji-E:=2h Sh- 

(3) If p is an odd prime, ep{I) < 2i\ + Eq is equivalent to ep{I) — 2pi\ — 2eo < 
—{p — + ^o(p — 2). Then the assertion follows from (1). 

The proof of the case = 2 is similar. □ 

Corollary 1.3 Let] he a fixed non-negative integer, e = 0, 1 and I G Seq", J G Seq. 

(1) Suppose that p is an odd prime. If ep(I) > 2j + e, then dp{I) > 2j{p — 1) + e 
and the equality holds if and only if I = {ej) . 

(2) If eziJ) > j, then d2{J) > j and the equality holds if and only if J = (j). 

Proof (1) Assume that ep{I) > 2j and dp{I) < 2j{p - 1) - 1 . By Proposition 1.2, 

2/i + £0 - 2/?/i - eo > epil) - 2pii - eo = -dp{I) > -2j{p - 1) + 1. 
Hence 2j{p — 1) > 2/i(p — 1) + 1 , which implies j > ii + I. 

Then 2/i + eo > ep(I) > 2j > 2ii + 2 but this contradicts eo < 1 . Therefore 
dpil)>2j(p-l). 

Suppose ep(I) > 2j and dp(I) = 2j{p — 1). Since dp{I) > 2i\{p — 1), we have j > ii . 
On the other hand, since 2j < ep{I) < 2/i + eo , we have j < i\ . Hence j = ii and this 
implies ig = for 5 > 2 and e.^ = for 5 > 0. 

Assume ep{I) > 2j + 1. By Proposition 1.2, 

dp{I) >(p- l)ep{I) - eo(p - 2) > (p - 1)(2; + 1) - p + 2 = 2j(p - 1) + 1. 

Suppose that ep(I) > 2^ + 1 and dp(I) = 2j(j> — 1) + 1 . We have 

dp{I) >(p- l)ep{I) - eo(p - 2) > 2j(p - 1) + 1 = dp(I). 

Hence / is of the form (eo, ii) by Proposition 1.2. Then dp{I) = 2i\{p — 1) + eo which 
equals to 2i{p — 1) + 1. Therefore / = (l,j). 

(2) The proof is similar as above. □ 

Definition 1.4 (Steenrod-Epstein [7]) We say / = (eo, /i , ei ,...,/„, e„, ... ) G Seq'^ 
is (p-)admissible if p is an odd prime and 4 > Ph+i + e^ for s = 1,2, ... . For 
p = 2, we say that / = (i\,i2, ...,/«,•■•) G Seq is (2-) admissible if > 2/^+1 
for s = 1,2, ... . We denote by Seq^ the subset of Seq consisting of p-admissible 
sequences. 
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We quote the following fundamental results for later use. 

Theorem 1.5 (Steenrod-Epstein [7]) 

(1) If I £ Seq", p' = J2'k=\ CA-P^' for some cu G Fp and 4 G Seq^ such that 
ep{h)>ep{I)forallk=\,2,...,l. 

Similarly, if I G Seq, Sq' = Yl'k=i ^kSq^'' for some Ck G F2 and 4 G Seq2 such 
that ezih) > for all k = \,2, . . . ,1. 

(2) {p'\ I G Seq^} is a basis of Ap if p is an odd prime and {Sq^\ I G Seq2} is a 
basis of A2 ■ 

Let Tn G {Ap*fP"~\ in G {Ap^fP"''^ and C« G (^2*)^""^ be the elements given 
by Milnor [5]. Recall that Ap^ = E{to,ti, . . .) Fp[,^i,^2, . . . ] if p / 2, and 

^2* =F2[Cl,C2,...]. 

Let Seq'' be a subset of Seq consisting of all sequences (eo,£-i, ■ ■ ■ ,£n, ■ ■ ■) such that 
e„ = 0, 1 for all n = 0, 1 , . . . . 

For E = (eo, ei ,...,£«) G Seq* and /? = (ri , r2, . . . , r„) G Seq, we put 

r(£) = ro^Vf' •••r^'", m) = C^' ^2' ■ ■ ■ C and ((R) = C?C? ■ ■ ■ Q 
as in [5]. Then, the Milnor basis is defined as follows. 

Definition 1.6 (Milnor [5]) We denote by p{S) the dual of ^(5) with respect to the 
basis {r(£)^(/?)|£ G Seq'',/? G Seq} is of Ap^ if / 2 and by SqiS) the dual of ((S) 
with respect to the basis {C(^)| R G Seq} of A2* . If p is odd, let Q„ be the dual of t„ 
with respect to the basis {r(£)?(/?)| E G Seq^ /? G Seq}. Put Q{E) = Ql°Ql' ■ ■ ■ Ql" 
for E = (eo,£i, • ••,£«) G Seq''. 

Definition 1.7 Let F,.Ap be the subspace of Ap spanned by 

{p'\I G Seq^, ep{I) > i} ifp + 2, {Sq'\ I G Seq2, e2{I) > /} ifp = 2. 

Thus we have an decreasing filtration ^p = {FiAp)i^z on Ap. We call ^p the excess 
filtration. 

Clearly, ^p satisfies the following. 

(1) (El) FiAp = Ap if / < 0. 

(2) (E2) ^FiAp = {Q}. 

The next result is a direct consequence of Theorem 1.5. 
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Proposition 1.8 For I G Seq", p' G FjAp if p is an odd prime and ep(I) > i. For 
/ G Seq, Sq' G FiAi if eiil) > i. 

The following properties of the excess filtration are a sort of "folklore". 

Proposition 1.9 Let p,: Ap® Ap ^ Ap and 5: Ap ^ Ap® Ap be the product and 
the coproduct of Ap . Then ^p satisfies the following conditions. 

(1) (E3) FiAp are left ideals of Ap for ieZ. 

(2) (E4) fi{FiAp A'p) C Fi^jAp for i,j G Z. 

(3) (E5) 5{FiAp) C Zj+k=i FjAp FtAp for / G Z. 

Proof Let / = {eo,ii,£i, ■ ■ ■ ,in,£n) be a sequence belonging to Seq^ such that 
ep(I) > i and /„ > 1 if « > 1 . 

If £0 = 1, then Pp' = 0. If eo = 0, the excess of (l,/i,ei, . . . ,in,£n) is bigger 
than ep{I). Hence Pp' G FiAp. If j > pi\ + eq, then (Oj', eo, ei, • • • , is 
admissible and its excess is not less than ep{I). Hence p'p^ G FiAp in this case. 
Suppose 1 < 7 < pi\ + £0- Then, by Theorem 1.5, p^p^ is a linear combination of p-' 's 
such that ep{J) > ep{I) and J G Seq^. Thus ^p satisfies (E3). 

If e„ = 1 , then p'P = 0. If e„ = 0, then ep(eo, ii,£i, . . . , in, 1) = ep{I) — 1 . Hence 
p'f3 G Fi-iAp by Proposition 1.8. If n > 1 , then ep{eo, /i, ei, . . . , /„, e„ j') = 2pii + 
2eo - dp{I) -2j{p-l) = ep{I) - 2j{p - 1) > / - 2j{p - 1). Hence pV G Fi-2j(p-i)Ap 
by Proposition 1.8. It is clear that p^p' G Fi^2j(p~i)Ap if n = 0. Thus 'Sp satisfies 
(E4). 

By the Cartan formula, S(p') = '}2j+l=iP' ® ■ ^ — (o^oj'i, • • • ^ = 
(/3o, Zi, . . . ). Then, ep{J) + ep(L) = 2p(ji + h) + 2(ao + Po) - dp(J) - dp{L) = 
2pii + 2eo — dp{I) = ep{I). Hence (E5) follows from Proposition 1.8. □ 

Consider the dual filtration J* = iFiAp^:)i(zz on Ap^: , that is, (FiAp^:)" is the kernel of 
fil+i ■■ (A*)" = Hom(^;,Fp) ^ Hom{{Fi+iApr,¥p), 

where : FiAp Ap is the inclusion map. The following is the dual of (E5) of 
Proposition 1.9. 

Proposition 1.10 Let 5* : Ap^, Ap* Ap*, be the product of Ap* . Then 5p* 
satisfies the following. 

(1) (E5*) 5*{FjAp* FkAp*) C Fj+kAp* forj, keZ. 
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Weset/„ = (0,p"-i,0,/7"-2,..., 0,1,0) and J'„ = (0,p"-\0,p''-^, ... ,0,1,1) for 
an odd prime p, Kn = (2"~\ 2"~^, . . . , 2, 1, ). Then, 7„'s and J'„'s are admissible and 
dp(Jn) = 2p" — 2, dp{J'„) = 2p" — 1, ep(Jn) = 2, ep{J'„) = 1 if p is an odd prime, 

d2{Kn) = 2''-l,e2{Kn) = l. 

For 7? = (ri, r2, . . . , r„, . . . ) G Seq, we put \R\ = Y,i>i 

Proposition 1.11 t(E)S_(R) G F\e\+2\r\-^p* - F\e\+2\e\-i-^p* for R G Seq and E G 
Seq^, if p is an odd prime. ({R) G F|s|^2* — ^|i?|-i^2* for R G Seq. 

Proof Since ep(J'^) = 1 and ep(J„) = 2, it follows from Milnor [5, Lemma 8] that 
Tj G FiAp^, and G F2Ap^,. Similarly, since e2{K„) = 1, we have Q G F1A2*. Hence, 
by Proposition 1.10, we have t(E)(,(R) G F\e\+2\r\-^p* if P / 2, ((R) G -F|r|.A2*. 
On the other hand, it follows from Lemma 1.13 and [5, Lemma 8] that t(E)^(R) 

^|£|+2|£hlA* and ^|Rhl'42*. □ 

We define the maps Qp : Seq" Seq^ and £)2 : Seq Seqj as follows. For 
J = ieo,ji,ei,.. . ,jn,en) G Seq'', put 

n 

h = Y^iSk +jk)P^~' {s=\,l,...,n) 
k=s 

and Qp{J) = {eo,ii,ei, . . . , in , En) ■ 

Up = 2, for J = (ji,j2, . . . ,in) G Seq, put 

n 

h = Y,jk^''~' = 1,2,...,«) 

k=s 

and g2{J) = {11,12, ■■■Jn)- 

The following Lemmas are straightforward. 

Lemma 1.12 Qp is bijective and its inverse is given as follows. If p is an odd 
prime, Qp\eQ, /i, ei, . . . , /„, e„) = (eo j'l, ei, • • • J«, where], = i, - pi,+i - 
(for s = \,2, . . . ,n — I), and jn = in — £n ■ 

Similarly, Q^\ii,i2, . . . ,in) = (jiji, ■ ■ ■ Jn), where = 2(^+1 (for s = 
1,2, ... ,n - I), and in = in- 
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Lemma 1.13 If p ^2, for J = (eoj'i, ^i, • • • ,jn, £ Seq" , we have 

n n n n 

dp{Qp{J)) = ^jk(p' - 1) + ^k{2p' - 1) and ep{0p{J)) = 2 Y^h + ^ 

k=l k=0 k=l k=0 

Ifp = 2,J = (ji,j2,... Jn) G Seq, we have 

n n 

diigiiJ)) = Y.^k{2' - 1) ande2{Q2{J)) = J^A- 

k=\ k=\ 

Proposition 1.14 {t{E)^{R)\E £ Seq^,7? e Seq, \E\ + 2\R\ < i} is a basis ofFiAp* 
and {C{R)\R £ Seq, \R\ < i} is a basis ofFiAi*. 

Proof Since (FiAp*)" is isomorphic to Horn* {{Ap / Fi+iAp)" ,¥p) , we have 

dim{FiAp,r = dimiAp/Fi+yAp)" = dimA; - dim(F;+i^p)". 

Suppose p is odd. By Theorem 1.5 (2), Lemma 1.12 and Lemma 1.13, dim^^ is the 
number of elements of a subset 5,, of Seq" defined by 

Sn = |(eo j'l Jn, . . . ) e Seq" 

and dim(F/_|_i^p)" is the number of elements of 

\ (eO,Jl,ei, • • • Jn,£n, ...) G S„ ^ + ^ 27i: > / + 1 L 

yt>0 k>l ' 

Hence dim(F,v^p*)" is the number of elements of 



^(2/ - l)e, + ^ 2(p*^ - 1)7, = n\ 

k>0 k>l ^ 



(eo j'l) £l) • • • Jn, £«,•••)£ Sn 



k>0 k>[ ' 



which coincides with the number of elements of 

{t{E)^{R)\ E G Seq^/^ G Seq, l^] + 2|7?| < /}. 

Therefore the assertion follows from Proposition 1.11. The proof for the case p = 2 is 
similar. □ 

The following is shown by Kraines [1] but is also a direct consequence of Milnor [5, 
Theorem 4a], Proposition 1.11 and Proposition 1.14. 

Proposition 1.15 (Kraines [1]) 
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(1) Q(E)p(R) G ^|£|+2|R|"4p - F\E\+2\R\+i-^p for R e Seq and E G Seq'' if p is an 
odd prime. Sq{R) G F\i^\A2 — f |r|+i^2 for R G Seq. 

(2) {Q(E)p(R)\ E G Seq*, 7? G Seq, \E\ + 2|7?| > /} is a basis of FiAp for an odd 
prime p. {Sq{R)\ R G Seq, \R\ > i} is a basis of FiA2- 

We set E{Ap = {FiApi /{Fi+^Api . 

Proposition 1.16 Let / be a non-negative integer and e = or 1 . 

(1) {F2i+eApf = {0} for k<2i{p-\) + e. 

(2) If p is an odd prime, (F2,+e^p)^''^-^)+^ is a one dimensional vector space 
spanned by f3'^p' . (F,-^2)' is a one dimensional vector space spanned by Sq' . 

(3) MAp = {0} if / + 7 ^ 0, 2 modulo 2p. 

Proof (1) and (2) are direct consequences of Corollary 1.3. 

Suppose that £ = (eq, ei, . . . ) G Seq*, and/? = (^i, r2, . . . ) G Seq satisfy |£'|+2|/?| = / 
and Q{E)p{R) G Aip. Then 

i +j = ^ 2esP^ + ^ 2r,p' = 2eo modulo 2p. 

.v>0 t>\ 

Thus (3) follows from Proposition 1.15. □ 

2 More on excess filtration 

For /? = (n, r2, . . . , r„, . . . ) G Seq, put s(R) = (0, n, r2, . . . , r„, . . . ). 

If some entry of R is not a non-negative integer, we put p{R) = . We regard Seq as a 
monoid with componentwise addition, then = (0, 0, . . . , 0, . . . ) is the unit of Seq. 
Let En be an element of Seq* such that the nth entry is 1 and other entries are all 0. 
(We put £0 = 0.) 

Lemma 2.1 

(1) Ife = 0, 1, |£| + 2\R\ < 2i -j + 1 and Q{E)p(R) G A'p, 

(3'p'QiE)piR) = QieEi + s(E))p{{i - \{\E\ +j) - \R\)Ei + s^R)) 
modulo F2i-j-i-e+iAp for an odd prime p. 
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(2) If\R\< i -j and Sq(R) G 

Sq'SqiR) = Sqi{i -j - \R\)Ei + s{R)) modulo Fi^j+iAi- 

Proof Let E = (eo, ^i, ^2, • • • ) G Seq^ and R = (ri,r2,...) € Seq. We put 
Q{E) = QniQn^ ■ ■ ■ Qn, (0 < «i < «2 < • • • < By Milnor [5, Theorem 4a, 4b], we 
have 

e,=0,l 

and 

pi'"p{R)= ^ nf'"' ~^^'~Mp(n - +ao,''2 - «2 + ai, • • •)• 
Thus P'^p'Qm Qin " " " QmPiR) is a linear combination of the Milnor basis 

2o2n,+e| 2,12+^-2 • • • Qn,+e,p{r\ - £?! + Qq, ^2 - £?2 + , • • • ) 

for e\,e2, ■ ■ ■ ,ek = 0,\ and non-negative integers ao,ai,a2, ■ ■ ■ satisfying 

k 

uq = i — ^ gf/?"' — ^ av/?^ and < for 5 = 1 , 2, . . . . 

/=! .v>l 

Suppose that sequences of non-negative integers ei,e2, ■ ■ ■ ,ek and ao, ai , ^2, • • • satisfy 
e^- = or 1 , < and oq = i — Yl't=i ^tP"' ~ J2s>i '^sP" ■ We note that 

k 

(1) ao>/-5^p"'- J^r,/. 

f=i i>i 

Let F be a sequence of integers such that = Q^Qm+eiQui+e^ ■ ■ ■ Qnt+ei, and put 
S = {r\ - a\ + aQ,r2- a2 + a\, . . . ). 

Assume that \E\ + 2\R\ < 2i -j + 1 and Q{E)p{R) £ A'p. Since 

j = ^.^i^P' - 1) + ^r,{p' - 1) = 2 ^ + 2 ^ rrp' - \E\ - 2|/?| , 

i>0 t>l s>0 t>l 

we have 

k 

r=l f>l s>0 f>l 
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Hence the right hand side of (1) is non-negative and uq takes the minimum value 

k 

f=l S>1 

if and only if as = for s = 1,2,... and ei = 62 = ■ ■ ■ = ek = I- In this case, 
F = (e, eo, ei, £2, • • • ) and S = [i — ^i\E\ + 7) — |/?|, n, r2, . . . ) . Therefore 

|F| + 2\S\ = \E\ + 2\R\ +e + 2{i- ^{\E\ + j) - \R\) = 2i -j + e 

and the result follows. Proof for the case p = 2 is similar. □ 

Put E*Ap = Yljez ^'''•^p ■ Since the excess filtration '^p satisfies (E3) and (E4) of 
Proposition 1.9, EJAp is a left .Ap-module and the product map /x : Ap0 Ap ^ Ap 
induces the following maps. 

fii : Ap ® E*Ap ^ E*Ap, /xf^' : E^Ap {Ap/Fi^j^iApy ^ E'^^jAp. 

Theorem 2.2 For non-negative integer i, j and e = 0, 1 , the following map is an 
isomorphism. 

l^2i+e ■ ^2i+e -^P ^ K-^p I ^ 2i-}+e+l-^py ^ J^2i-j+e -^P- 

Proof Suppose e^p(5) G Ap^'^^^^^' and \F\ + 2\S\ = 2i - j + e for F = 
(Ao, Ai, A2, . . .) and S = {si,S2 ). Then, 

(2) Yj^k + 2Y^Sk = 2i-j + e 

k>0 k>\ 

(3) J^A;t(2/-l) + 2^5i(p'^- 1) = 2i(p-\)+j + £. 

k>0 k>l 

Hence 

(4) \kP^ + SkP^ = ip + e, 

k>0 k>l 

and this implies Ao = e. We put E = (Ai, A2, . . . ) and R = (s2, S3. . . .). By (2) 
above, we have = i — ^{\E\+j) — \R\. Therefore, P'^ p'Q{E)p{R) = Q^p{S) modulo 
F2i-j+e+i'^p by Lemma 2.1. This shows that /i2/+J^^^^"' is surjective. It is clear from 
Lemma 2.1 that fL^f+e^''^^'' injective. The proof for the case p = 2 is similar. □ 

For R = (ri, r2, . . . , r„, . . . ) € Seq and a non-zero integer p, we say that p divides 
R if p\ri for all / > 1 and denote this by p\R and by p /[R otherwise. Put -R = 
{^f/f,.../f,...) if p\R. 



Qeometry & Topology Monographs 10 (2007) 



On excess filtration on the Steenrod algebra 



433 



Lemma 2.3 Let p be an odd prime. For E G Seq^ , R G Seq and j >0, the following 
congruences hold. 

(1) If \R\ < pj and p\R, 

p{R)^ = p{(j- f^\R\)Ei+s{^R)) modulo Fy+iAp. 

IfE / or \R\ > pj orp)(R, Q{E)p{R)^ G ^27+1^- 

(2) If \R\ <pj + l and p\R, 

p(RW = f3p{(j - + 'CpR)) modulo Fy+iAp. 

If \R\ < W + 1 and p\R — E„ for some n > I, 

piR)f3^ = Qnp{{j - p{\R\ - l))£i + s{l{R - £„))) modulo Fy+lAp. 
IfE / or \R\ >pj+l or pJ(R - E„ for any n>0, Q{E)p{R)(5p^ G F2j+2Ap. 

Proof (1) By Milnor [5, Theorem 4b], we have 

pin - pxi + Xo, r2 - PX2 + Xi, . . . ), 

for 7? = (ri,r2, . . .)■ Since ('^*~'^^^''*"') = if r*. < pxk, the summation of the 
right hand side of the above is taken over non-negative integers xo,xi, . . . satisfying 
xq + xi + • • • =j and pxk < for all ^ = 1,2,.... 

Hence p(j — xq) = p{x\ + X2 + •••)< \R\ and p{j — xq) = \R\ holds if and only if 
pxk = r^: for all = 1 , 2, . . . . 

Put 

S = {ri- pxi +xo,...,rk-pxk+Xk-i,...), 

then |5| = \R\ — p(j — xq) +j>j and |5| = j hold if and only if p\R, \R\ < pj and 
S={j-l,\R\)Ei+sC-R). 

Therefore Q{E)p(R)pi G F2j+iAp unless E = 0, \R\ < pj and p\R. 

(2) Since p{R)(3 = J2n>Q QnpiR — En) by Milnor [5, Theorem 4a], the result follows 
from(l). □ 

In the case 79 = 2, a similar result holds. 
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Lemma 2.4 For R G Seq and j >0, the following congruences hold. 
If\R\ <j and 2\R, 

SqiRJSqi = Sq{{j - ^\R\)Ei +s{^R)) modulo Fj+iA2. 
If \R\ > j or 2//?, Sq{R)Sqi G F,+ i^2- 

Lemma 2.5 Let p be an odd prime, R G Seq and j > 0. If p{R) G Ap . then, the 
following congruences hold. 

(1) If\R\ <pj andp\R, 

p{R)p' = p'+5p(i/?) modulo Fy+iAp. 

(2) If\R\ <pj + l andp\R, 

piRW = Pp^^^'pij^R) modulo F2j+2Ap, 
if \R\ < /'J + 1 and p\R — En for some n > I, 

P(RW = P^^'^Qn-WCpiR - En)) modulo F2j+2Ap. 

Proof The first congruence and is a direct consequence of Lemma 2. 1 and Lemma 2.3. 
Suppose p\R — E„ and \R\ < pj + I. By Milnor [5, Tiieorem 4a], Lemma 2.1 and 
Lemma 2.3, 

^^'-^Qn-lp{l{R-En)) 

= Qn-l^j^''^ P{1{R-En)) + QuP^^'^'""'' piliR - En)) 
= Qnp{{j - \m - l))£l + sC-R)) modulo F2j+2Ap 

= p{R)[3pf modulo F2j+2Ap. 

We also obtain p{R)(5p^ = (3<fi'^^p piy^R) if \R\ < P7 ' + 1 and p\R from Lemma 2.1 and 
Lemma 2.3. □ 

Lemma 2.6 For R G Seq andj > 0, if \R\ < j, 2\R and Sq{R) G A'^, 
Sq{R)Sq' = Sq'+hq{\R) modulo Fj+iA2. 

For non-negative integers /, j and e = 0, 1 , put k = e if 7 is even and k = 1 — e if 7 is 
odd. Let 7, j^£ be the composition of maps 

., . ^W-(p-2)(e-K) p(2W+e-K)(p-l)+K /] ^ f2i(p- !)+;+£ 4 
H'2r~j+e ■ -^p ^ ^2i-j+e "^P ^2i~j+e -^P 
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and 

Let us denote by p : Ap —>■ Ap the pth root map, that is, the dual of pth power map 
A^p^: — > Api , X ^ xP . By Milnor [5, Lemma 9], we have 

\pilR) E = 0,p\R 
10 otherwise. 

Let TTi : Ap Ap/FiAp be the quotient map. Put g2i+e = TT2i+e+\iP'' p'), then, g2/+£ 
generates E2f^~^^~^'^Ap. The next result is a direct consequence of Lemma 2.3 and 
Lemma 2.5. 

Proposition 2.7 Let /, j, k be non-negative integers, e = 0, 1 and p an odd prime. 

maps e (g) g2/+e e ® £2!+j'^'^^A g2;+2;-+e ® TTli+lPiO)- 

(2) 7<+7,2i+i,i: +'®4'^^-'Up ^4(;5]Jr'^"''A®(A/^2/+i A)''""' ^'^ a 
map. 

(3) 7<+y,2i-i,o: 4^"-^ ^Ef;;'^+% ^ ^^'J^^-^Up » (A/F2,-+2A)'''"' «^aps 

^2jij?^"'^A ® iFk+iAp/F2i+2ApfJ-\ 
For p = 2 , we have the following Proposition. 
Proposition 2.8 Let /, j be non-negative integers. 

-fij^e ■ E^rj^A2 ^ E^A2 {A2/F2i-j+e+lA2y 

maps 9 g2i-i+e e 4 O £|-+e^2 to g2i+e ■K2i~j+e+YP{0) ■ 

3 Filtered Hopf algebra 

We denote by £* the category of graded vector spaces over a field K and linear maps 
preserving degrees. We also denote by £ the category of (ungraded) vector spaces 
over K. For « G Z, define functors E" : £* ^ £* , en'. £* ^ £ and /,„ : <S ^ (?* as 
follows. 

(s"r)' = y'-", (s'yy =/■-", e„(r) = r, e„(f)=r, 
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for an object V* and morphism f of £* . 

, \W k = n , \ g k = n 

for an object W and morphism g of £. 
Proposition 3.1 l,, is a right and left adjoint of e„ . 

Proof Define natural transformations m„ : id^-* Ln^n, Un '■ ^nhi i^s, Cn '■ lAe 
enin and c,j : t„e„ — > id^-* as follows. For V* G Ob <S*, 

{X X £ V" 
, Cnvix) =X {X e V). 

X £ V'',k^ n 

For U eOhS, u„u(y) =y(ye (e„UU)r = U), Cnu(y) = y (y ^ U). Clearly, 
Cnv* '■ i-n^niV*) V* is an inclusion map and Unu- (^niniU) U and c„j/: U ^ 
€„in{U) can be regarded as identity maps. Then, m„ and u„ are the unit and the counit 
of the adjunction e„ H i„ respectively, and c„ and c„ are the unit and the counit of the 
adjunction /,„ h €„ respectively. □ 



Let A* be a graded Hopf algebra over K with an decreasing filtration ^ = {FiA*)i^z of 
subspaces of A* . The notion of unstable A* -module is defined as follows. 



Definition 3.2 A left A* -module M* with structure map a: A* (g)M* ^ M* is called 
an unstable A*-module with respect to ^ if a(F„+iA* ®M") = {0} for n G Z. We 
denote by UM.{A*) the full subcategory of the category of left A* -modules consisting 
of unstable A* -modules. 



We are going to give conditions on 5 which suffices to develop a theory of unstable 
A* -modules. The following is the first one. 

Condition 3.3 

(1) (El) FiA* =A* ifi < 0. 

(2) {El)^.^^FiA* = {0]. 



Note that if ^ satisfies (El) and V* is an unstable A*-module, V" = {0} for n < 0. 
The next one comes from Proposition 1.9. 
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Condition 3.4 Let us denote by /i : A* A* — > A* and 5 : A* — > A* A* the product 
and the coproduct of A* , respectively. For an decreasing filtration 5 = {FiA*)i^z of 
subspaces of A* , we consider the following conditions. 

(1) (E3) FiA* 's are left ideals of A* for ieZ. 

(2) (E4) i^iFiA* (S)Aj) C Fi-jA* for e Z. 

(3) (E5) 5{FiA*) C Ej+k=iFjA* F/^A* for ieZ. 

We remark that if ^ satisfies (E3) of Condition 3.4 and Il"(A*/F„+iA*) is an unstable 
A* -module, then ^ satisfies (E4) of Condition 3.4. It is easy to verify the following 
fact. 

Proposition 3.5 Let A* be a graded Hopf algebra over K with decreasing filtration J. 
Suppose that 5^ satisfies the condition (E5) in Condition 3.4. If V* and W* are unstable 
A* -modules with respect to ^, then so is V* (g) W* . 

Let us denote by O : UMiA*) £* the forgetful functor. Suppose that J satisfies 
(E3) and (E4) of Condition 3.4. Define a functor T : £* ^ UM{A*) by 

HV*) = ^ A7F„+iA* V" and J^if) = ^ id^*/f„^,^, 0/". 

«gz nez 

For an object M* of UM{A*), let a„ : AVF„+iA* ®M" ^M* {ne 1) be the maps 
induced by the structure map a : A*®M* M* . These maps induce e^^. : J^O{M*) 
M*. 

Let 1„ be the class of 1 G A" in A*/F„+iA*. For an object V* of £* , define a map 
ryy. : V* ^ 0^(y*) by w*W = E„ez 1« ® ""V-W for ^ G V*. 

Proposition 3.6 f is a left adjoint of O . 

Proof It can be easily verified that rj : id^: — > OJ^ (resp. e : J^O ^Aum(a*)) is the 
unit (resp. counit) of the adjunction T \- O . □ 

Remark 3.7 

(1) As a special case of the above result, we see that J^(I1"K) = i;"A*/_F„+iA* 
represents a functor e^O : L{Ai{A*) —>■ £. Thus we can verify the fact that a 
functor G : UM.{A*)"p £ is, representable if G is right exact and preserves 
direct sums (Lannes-Zarati [2]). 
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(2) The above result implies that UM(A*) has enough projectives and we can 
construct the bar resolutions (MacLane [4]) in l/(A4{A*) and that, if JT also 
satisfies (E5) and L* is an unstable A* -module of finite type, the left adjoint to 
the functor M* i-^ M* (g) L* exists. 

Put FfiA* = {FiA*y /iFi+iA*y and E*A* = ^j^^E'iA*. If J satisfies (E3) of 
Condition 3.4, EJA* is a left A*-module. If ^ satisfies (E4) of Condition 3.4, the 
product map fi : A* (gi A* ^ A* induces Jm'' : EfA* Ai e'^^^A* . Consider 
a bigraded vector space E^A* = J2iez^J^*- Then E^A* has a structure of a 
right A* -module given by /if'^'s. Suppose ^ satisfies both (E3) and (E4), then 
p,-'' induces [I-'' : EfA* O {A* /Fi^j+iA*y E^l^jA* . We can regard /i*''' as a map 
E*iA* ® LjEjiA* /Fi-j+iA*) E*_jA* in S* . 

Proposition 1.16 and Theorem 2.2 suggests the following conditions. 

Condition 3.8 Let A* be an algebra over a field K of characteristic p with an decreasing 
filtration = (F,A*),gz. 

(1) (E6) £^,+^A* = {0} (i,k G Z, e = 0, 1) holds if A: < 2i(p - 1) + e or 
2i + e + k ^ 0,2 modulo 2p. 

(2) (E7) dim £2 -J J ^^^^ A* = 1 for / > 0, e = 0, 1 . 

(3) (E8) For non-negative integers /, j and e = 0, 1 , the map 

is an isomorphism. 

Remark 3.9 Since £2'(/'- = {0} if j > 2i + e by (E6), we have 
dim(F2,+£A*)2'<^'-i)+= = 1 for / > and e = 0, 1 by (E2) and (E7). We also 
have {F2i+eA*)'' = {0} if A: < 2i(p - 1) + e. 

We assume that ^ satisfies (El), (E2), (E3), (E4), (E6), (E7) and (E8) for the rest of this 
section. 

Proposition 3.10 A left A* -module M* with structure map a : A* (g) M* — > M* is 
unstable if and only if ai{F2i+eA*f'^P-'^^+'' ®M^) = {0} for any i e Z, e = 0,1 such 
thatk < 2i + e. 
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Proof Suppose a((F2i+eA*f'^-^^+^ ® M^) = {0} for any / G Z, e = 0, 1 and 
k <2i + e. Since (E8) implies 

= iF2i-j+eA*f^P-'^+J+', 

we have 

aiF2i-j+e+iA*f^''-'^^^+' M'-j)=aiF2i-j+sA*f^P-'^+J+' M^-i) 
iik <2i + e. By putting n = k —j , s = 2i —j + e and t = 2i(p — l)+7 + e, we see that 
(5) a{{F,+iA*y M") = a{{FA*y ® M") 

holds if s > n and s + t = 0,2 modulo 2p. Since (F^+iA*)' = (FA*)' by (E6), 
It follows from (5) that a((F„+iA*)' » M") = a((F,„A*y M") for any m > n. 
Since a((F,„A*y ® M") = {0} for sufficiently large m by (E6) and (E2), we have 
a{(F„+A*y^M") = {0}. 

The converse follows from 

a((F2i+,A*)2'(^-i)+^ m'^) C a(F;t+iA* M*^) = {0}. □ 

For non-negative integers /, j and e = 0,1, put k = e if 7 is even and k = 1 — e if 7 is 
odd. Let 7, j £ be the composition of maps 

fJ'2i-j+e ■ A 09 J^2i-j+e ^ ~^ ^2i-j+e ^ 

and 

if^liV^^'T' ■■ E^^'^"^ - E^S:'^^'^ ^ {A*/F2i^j+e+iA*y. 

Condition 3.11 For a real number r, let us denote by \r\ the minimum integer among 
integers which are not less than r. 

(1) (E9) -lij^e maps ^ 1^^^ 

It follows from Proposition 2.7 and Proposition 2.8 that the excess filtration on Ap 
satisfies the above condition. 

We can construct the functor $ : UM{A*) UM{A*) as in Li [3]. For an unstable 
A* -module M* , define an A* -module $M* as follows. Put 

ieZ,e=0,l 
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In other words, 

k = 2ip + 2E, ieZ, £ = 0,1 



{0} A: ^ 0, 2 modulo 2p. 



We denote by Hi : A* (g) SfA* — >^ SfA* the map induced by the product ^ of A* . 
Note that m : AJ (g) E^A* Ef^'^A* is trivial if i + j + k ^ 0,2 modulo 2p. Let 

aM* : A* (E)M* ^ M* be the A* -module structure map of M* . Since M* is unstable, 
c^M* induces aM*j : A*/F;_iA* (g) M' ^ M* . We define a$M* : ® ^ $M* by 
the following compositions: 

A^P ® E^lf;^^+'A* ® m2'+= 

^^^^ 4^;ti?; ^^+^A* ® (a7F2,-+.+ia*)2^- ® m^'^- 



^^^^^ (gM2('+^-)+-; 



A2^>+2^4'^-V(gM2' 



^I'J'j^fr'^+'A* C5 {A*/F2i+iA*)y+' ®M^' 



and 

A2^>-2(g4J-i)+iA*(gM2'+i 



^^^^^^^ 4(;t{i^-iU* (g (A* /F2,-+2A*)2^'-i ® m2'+i 



Since ^(F2,^+2e+iA* (F2i+eA*)2'(P-i)+^) c F2i+e+iA* for £ = 0, 1 and / e Z by 
(E4), we deduce that <5M* is an unstable A* -module. 

For a homomorphism / : M* N* between unstable A* -modules, let $M* 
^N* be the map induced by idp2i(p-i)+E A* (g)/. 

Then $/ is a homomorphism of left A* -modules and $ is an endofunctor of UMiA*). 
Let 

A^^+^^ : (^M*f'P+^' = E^^I^;^^+'A* ® M^'+^ m^'p+^^ (i G Z, £ = 0, 1) 

be the restriction of aM*,2i+e '■ ^* / Fii+e+i'^* ® M^'+'^ M* . Thus we have a map 
Am* : ^M* M* . It is easy to verify that Am* is a homomorphism of left A* -modules 
and we have a natural transformation A : ^> ^ idwx(A*)- 
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For an object V* of £* , let pv* : T(V*) T.T(^-'^V*) be the map induced by the 
quotient map A7F„+i A* -^A*/F„A* and the identity maps V" V" = (Y,-^V*)"-^. 

Proposition 3.12 The following is a short exact sequence. 

> <^HV*) ^fi^ -^Xl-^ T.J^iT.-^*) > 



Proof By (E6) and (E8), \:f(V) is an injection onto ^nez^nA* /Fn+iA* V", which 
is the kernel of pv* . □ 

Lemma 3.13 Let M* be an unstable A* -module. 

(1) S^' Coker Am* is an unstable A* -module. 

(2) If g- satisfies (E9) in Condition 3. ] ] , ' Ker Am* is an unstable A* -module. 

Proof (1) Smce (ImAM*)^'''+^ = (^'2i+eA*)2'(/'-iH£M2'+^ wehave 

(F2,-+eA*)2'^-^)+^(Coker Am*)''+^ = {0}. 
If k < 2i + e, instability of M* and Proposition 3.10 imply 

(f2,-+eA*)''^-')+^(Coker Am*)' = {0}. 
Thus the assertion follows from Proposition 3. 10. 

(2) Put Af2'+e = {x G M2'+=|(F2i+£A*)2'(^-i)+^x = {0}}. Then we have 
(KerAM*)^'''+^^ = E^I^J^'^^^A* N^'+^ and ^2,+^*)^'^^"^^+^A^^'+^ = {0}. By 
Proposition 3.10, it suffices to show 

{F2j+e'A*f'^'^^^''iElfl;^^^'A* N^'+') = {0} 

for non-negative integers /, j and e, e' = 0, 1 satisfying 2j + e' > lip + 2e. We may 
assume 2j(j) — 1) + e' = 0, ±2 modulo 2p, that is, e' = and 7 = 0, ±1 modulo p for 
dimensional reason. If 7 = kp, then k > i + e and it follows from Condition 3.1 1 that 

= 4^:it:;;jt-'^+^A* ® {(F2,A*f'^p-'^N^'+^) = {o}. 

If 7 = — 1 , then ^ > / + 1 and we only have to consider the case e = for 
dimensional reason. Since iF2kA*f''^P-^^-^ = {0} by (E6) and (E2), we have 

(F2to_2A*)2''('^/'-*^-l)+2(£2p-l)^* J^2i^ 



2i 

E'^il^Ztllt'^^'A* {{F2kA*f'^P-''''N^^) = {0}. 
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If j = kp + I, then k > i and we only have to consider the case e = 1 for dimensional 
reason. Again, using Condition 3.11 and the instability of M* , we see 

This completes the proof. □ 



Define functors Q^Q^ : UM{A*) UM{A*) by VL{M*) = T.-^ Cdktv \m* and 
n^{M*) = Ker Am*- Let us denote by fjM* ■ M* Coker Am* = T,QM* the 
quotient map and by lm* '■ T,Q^M* —>■ ^M* the inclusion map. For a morphism 
/: M* ^N* of unstable modules, let flf: flM* m* and n^f: n^M* ^ fl^N* 
be the unique maps that make the following diagram commute. 











M* 

f 
N* 



Vm* 



Vn* 











Proposition 3.14 Q is the left adjoint of the suspension functor S . il' is the first left 
derived functor of O and all the higher derived functors are trivial. 



Proof We first note that Aem* : $SM* EM* is trivial by the instability of M* . 
Hence r)sM* : SM* T,QT.M* is an isomorphism. Define em* '■ J^SM* M* by 
Em* = ^~'^SM*- Obviously, TjEm'^sm* = idsA/* ■ By the naturality of A and the 
definition of e, we have 

T,{£QM*^riM*)riM* = ^SnM*{^^m*)fiM* = fi^liM*^T.nM''riM* = Vm*- 
Hence eqm* ^f]M* = idf^M* and 17 is the left adjoint of S . 
Let 

< tfo ' — • • • ^ ^n-l ^ ' • • • 

be the bar resolution of M* . Consider chain complexes 

B. = {Bl dn)„ez, -^B. = $(a„))„6z and SOB. = (EQB,:, EJ7(5„))„6Z. 

We denote by A. : ^B. —>■ B. and rj.: B. T^QB. the chain maps given by the As* 
and r]B* , respectively. Since 

^ B* EJIB* ^ 
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is exact by Proposition 3.12. we have a short exact sequence of complexes 

^ ^ B. ^ mB. 0. 

Consider the long exact sequence associated with this short exact sequence. Clearly, <I> 
is an exact functor. We deduce that T,H"{QB.) = H'^{TiQB.) is trivial and that there is 
an exact sequence 

^ T.H\nB.) = H\mB.) ^>M* ^ M* ^ mM* 0. 

Thus Q"M* = H"(Q,B.) is trivial if « > 1 and Q,^ defined above is the first left derived 
functor of n . □ 



4 Unipotent group scheme 

For a commutative ring k, we denote by Algl the category of graded ^-algebras and 
by ItA* the functor represented by an object A* of Alg;^. We denote by the category 
of groups. 

For a Hopf algebra A* , let us denote by A* the dual Hopf algebra, that is, A„ is the dual 
vector space ¥lomK(A" , K) and A* = J2nez^n- assume that A* is finite type and 
that A" = for ?i< 0. 

For a filtration 5^ = {FiA*)i^z of A* , define the dual filtration ^* = {FiA^)i(z.i on A* by 

FiAn = Ker : A„ = YlomK{A'\K) ^ YlomK{Fi+xA\K)) 

Here, k/ : F,A" — > A" denotes the inclusion map. Note that the dual of the dual filtration 
^* is identified with ^. 

We list conditions on the dual filtration. 

Condition 4.1 Let /i* : A* ^ A* (g) A* (resp. 5* : A* A* A^) be the coproduct 
(resp. product) of A* . 

(1) (El*) F;A, = {0} if / < 0. 

(2) (E2*)U-gz^'^*=^*- 

(3) (E3* ) FiA* 's are left coideals of A* (that is, /z*(F,A*) C A* ® FiA^ ) for / G Z. 

(4) (E4*) ii*{FiAk) C Y.j&Pj+i^k-j®Aj for /j' G Z. 

(5) (E5*) 5*{FjA^®FkA^) C fy+M* for j,k G Z. 
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(6) (E6*) £^,+^A* = {0} {i,k G Z, e = 0, 1) holds if k < 2i(p - 1) + e or 
2i + e + k ^ 0,2 modulo 2p. 

(7) (E7*) dimSjJj^^^^A* = 1 for / > 0, e = 0, 1 . 
It is easy to verify the following fact. 



Proposition 4.2 (Yamaguchi [8]) For I = 1 , 2, 3, 4, 5, 6, 7 , ^ satisfies ttie condition 
(El) if and only if J* satisfies {El* ). 



For a prime p, we define a graded Hopf algebra A(j,)^ over a prime field ¥p as follows. 
As an algebra, we put 

A(p)* = E{xn I i > 2) (g) ¥p[xij\ i>j> 2] if p / 2, A(2)* = F2[xy| / > j > 1]. 

We assign the generators Xjj degrees as follows. 

hp'-^-l />2j = l 

deg Xij = < . ^ . . if p 7^ 2 

' \2p>-'{p'-^ - I) i>i>2 

deg Xij = 2j-\2'-j - 1) if p = 2. 

Define the coproduct fi* and the counit rj* of A(p)* by 

= Xy (g) 1 + ^ X,-jt Xkj + 1 (gi Xy, T]*iXij) = 0. 

Then, A(p)* is a commutative Hopf algebra and its conjugation (canonical anti- 
automorphism) i* is given by 

(-1 

i*{Xij) = -Xij - ^ Xiki*{Xkj). 

k=j+i 

Hence the affine scheme /zA(p), represented by A(p)=K takes its values in the category of 
groups, namely, : -^^ffiFp ^ is an affine group scheme. 

Remark 4.3 For a positive integer n and a graded Fp -algebra R* , let Un{R*) be a set 
of « X « unipotent matrices A whose (/,y)th entry ay satisfies 

f/?2p'~'-i /> 2,7 = 1 
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and a\\ = 022 = ■ ■ ■ = a„„ = I, ay = if / < j. Then, Un(R*) is a group by 
the multiplication of matrices. Hence we have a F;,-group functor Un '■ Alg"^^^ 
Qr. On the other hand, let A{n)(p)^ be the Hopf subalgebra of A(p)* generated by 
1 <j<i<n}. For a map/: A(n)(py R* of graded ^-algebras, we denote 
by Af the element of U„(R*) whose (/,7)th component is fixy) if / > j. Define a 
map 0„R* : hA(„)^^,iR*) Un{R*) by OnR'if) = A/. It is easy to verify that OnR* is an 
isomorphism groups and we have a natural equivalence 9„ : hA(n)(p)* U„ . 

If A = (fly) G Un+\{R*), let A' be the n x n matrix whose (/,7)th component is a,y. 
Then A' € Un{R*) and we define a morphism 7r„ : Un+i U„ by 7r„i?*(A) = A' . Let 
Uoo be the limit of the inverse system 

{U„+i^ ^«)„=i,2,...- 
The morphism i* : hA{n+i)(j,)^—>-hA(n)ij,)t, induced by the inclusion map l„ : A(n)(p)^ — > 
A(n + l)(p)* satisfies = 7r„^„+i . Since A(p)^, is the colimit of the direct system 

(A(«)(p)* -^A(«+ l)(p)*)„=i^2,...' 
it follows that the 0„ induce a natural equivalence ^00 '• ^A(p), — > t^oo • Thus, A(p)* 
represents the group scheme of "infinite dimensional unipotent matrices". 

In order to relate A(p)* with the dual Steenrod algebra Ap*, we consider representation 
of an affine group scheme. 

Definition 4.4 Let V* be a finite dimensional vector space over K. Define a functor 
Fv : AlgK -> £* by Fv*(R*) = V* /?* . We regard Fv*iR*) as a right /?* -module. 

We denote by V* the graded vector space over ¥p such that dim = 1 for k = 
-1, -2, ... , -2pS . . . , -2p"-2 and V,^ = {0} otherwise if /? / 2, dim V,^ = 1 for 
= — 1, —2, . . . , —2', . . . , — 2"~' and = {0} otherwise if p = 2. Let Vk be a base 
of for k such that dim = 1 . 

Define a„R* : x [/„(/?*) ^ by 

« 

OinR*{Vj ® 1, («,>•)) = ^ V, (g) ay 

i=l 

SO that Un{R*) acts /?*-Hnearly on Fy* (/?*). Hence Fy* is aright f/„ -module, in other 
words, an : Fy* x Un ^ Fy* is a representation of U„ on y* . 

Let ifn'- ^n ^^n® be the map defined by 

n 

ipniVj) = anA(n)(j,yAVj ® 1, fejO) = V/ (g) 1 + ^ V; (g) Xy. 

!=7+l 
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Here, we put xjj = 1 and Xjj = if / < 7. Then, 99,, is a right comodule structure map 
of V* . Composing the map idy* 0Kn : V* (g) A(n)(p)^ ^ ^(p)* induced by the 

inclusion map k„ : A(?i)(y,)* ^ A(p)* to ip„ , V* is regarded as a right A(p)* -comodule. 

We change the gradings of the mod p cohomology group H*{X) of a space X by 
replacing H"iX) by //""(X) so that the Milnor coaction : H*{X) H*{X)%Ap^ 
preserves degrees. Recall that the Milnor coaction on the mod p cohomology group of 
BZ/pZ is a homomorphisms of algebras given as follows. 



V'CO = t(g) I -^sP' 0Tkand ip{s) = ^ / if / 2, 

k>0 k>0 



where H*{BZ/pZ) = E{t) ig) ¥p[s] (t G H-\BZ/pZ), s e H-^{BZ/pZ)). 

k>0 

where H*(BZ/pZ) = ¥2[t] (t £ H-\BZ/2Z)). We identify V* with a subspace of 
the mod p cohomology group of the (2p"~^ + l)-skeleton (resp. 2"^ '-skeleton) of 
BZ/pZ spanned by {t, s, s>\ . . . ,sP" } (resp. {t,f,..., f" }) if / 2 (resp. p = 2). 
Put vi = t and Vj = s^' (/ = 2, 3, . . . , n) if p / 2 and Vj = (J = I, . . . ,n) if 
p = 2. By the above equality, we have 



tp{vi) = vi (g) 1 - ^ V; ri_2, ^pivj) 



1=2 



Ev,-®ef7(2<j<n) if/p/2, 
'=y 

V '■=;■ 

Hence the map pp : Aq,)^ Ap* given by Ppixn) = -Tj^j, Ppi^ij) = 0" > 2) if 
9/— 1 

p i^2 and p2{xij) = Cf_j if = 2 is a map of Hopf algebras and the composition 

— ^ ^« (g) A(«)(p)=^ > V* A(p)=, > 

coincides with the Milnor coaction (See Yamaguchi [8] for details). 



Remark 4.5 Since pp(x,+2i) = -r,, Pp{xs+22) = 6 and p2{xs+ii) = (s, Pp is 
surjective. Hence the affine group scheme represented by Ap^^ is regarded as a closed 
subgroup scheme of U^o ■ 

The kernel of pp is the ideal generated by {x,y — ■xfly_,_2 2l ' > 7 ^ 3} if p / 2 and 
{xij - xf'j^y i\i>j> 2} if p = 2. 



Qeometry & Topology Monographs 10 (2007) 



On excess filtration on the Steenrod algebra 



447 



Let F;A(p)* be the subspace of A(p)=K spanned by 
if 7? / 2 and f ,A(2)* be the subspace of A(2)* spanned by 



71 ,72, . . . ,7„ > 2, m + 2 ^p""^ < / k 

i=\ ^ 



XjJ^Xi. 



1=1 



By this definition and Proposition 1.14, it is easy to verify the following assertions. 
Proposition 4.6 

(1) The filtration (F,A(y,)*) .^^ on A(p)* satisfies ttie conditions (El* )r^(E6* ). 

(2) pp (f iA(p)*) = FiAp* . 

It follows from Proposition 4.2 that the dual filtration {FiA*p^^.^^ on the dual Hopf 
algebra A*^^ of A(p)=K satisfies the conditions (E1)~(E6). Note that the Steenrod algebra 
Ap is a Hopf subalgebra of A^^ . 

However, (^(A(p)=k) .^^ does not satisfy the condition (E7*). In fact, the following fact 
can be shown. 

Proposition 4.7 If p is an odd prime, ttten for 5 = 0,1,2,... and e = 0, 1 , 



^ j>2 j>2 ^ 



is a basis ofElf^^ ^^"^"^(p)- For ^ = 0, 1, 2, ... , 



S>1 j>2 ^ 



is a basis of E'IA*2-^ . 



A Appendix 



Here we make an observation on the group scheme represented by the dual Steenrod 
algebra Ap^, . 
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Let Ap^, be the polynomial part of Ap^, (hence A2* = A2*)- G Nishida observed that 
Ap^: represents the functor F : Alg^^^ Qr defined by 

r{R*) = {f{X) G R*lXrV{X + Y) =f{X) +/(F), /(O) = 0, /(O) = 1}, 

that is, r{R*) is the group of strict automorphisms of the additive formal group law Ga 
over R* . (We regard as a graded ring with degX = —2.) 

In fact, for a morphism 99 : Ap* —>■ R* of graded rings, put 

!>0 

Then, it follows from Milnor [5, Theorem 3] that the correspondence ip \-^f^{X) gives 
a natural equivalence h_^^^ — > F . 

This fact also has a geometric explanation as follows. Let a : M?7* — > ¥p be the 
map that classifies the additive formal group law over Fp. Then, the pull-back 
of the groupoid scheme represented by the Hopf algebroid {MU^,MU^MU) along 
ha '■ hf^^ — > Hmu, is the stabilizer group scheme of the additive formal group law and 
it is represented by Fp C>^mu* MU^MU 0mu* I^p (Yamaguchi [9]). Since a factors 
through the canonical map M?7* — > BP^, , Fp (E>m{7, MU^MU 0mu, "^p is isomorphic to 
Fp BP^BP Fp ^ Ap^ . 

We assume that p is an odd prime below. Define a functor F : Alg^^^ —^Qras follows. 
For R* G Ob Algf^^, we consider an object R*[e]/(e^) (deg e = -1) of Alg^^. Let 
F(R*) be the set of automorphisms f : Ga ^ Ga over R* [e]/(e^) such that /'(O) - 1 G 
(e). The group structure of F{R*) is given by the composition of automorphisms. If 
ip: R* ^ S* is a. homomorphism of graded algebras, F{ip) : F(R*) F(S*) maps 
f(X) = Ei>o(ai + bie)XP- to EiyiMat) + ipibi)e)XP\ 

Proposition A.l The affine group scheme hj^^^^ represented by Ap* is isomorphic to 
F. 

Proof We define a natural transformation 9 : h_/[^^ — > i"' as follows. For R* G Ob Alg^^ 
and if G h_A^^{R*), we set O'^iip) = ^i>oi^piCi) + (p{Ti)e)XP' . It follows from Milnor [5, 
Theorem 3] that is a natural transformation. We can verify easily that is a natural 
equivalence. □ 

Thus F is regarded as a closed subscheme of Uoo ■ 
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